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Parallel, Scalable Parabolized Navier-Stokes Solver for
Large-Scale Simulations
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A massively parallel formulation for the solution of the parabolized Navier-Stokes equations has been developed
for multiple instruction, multiple data (MIMD) computers. All functionality of the serial version of the code has
been preserved in the parallel implementation, including grid generation, linear system solvers, and shock fitting.
The computational domain is automatically decomposed and load balanced on individual processing elements.
Performance timings are carried out for various MIMD architectures. Numerical tests indicate high parallel
efficiency, with fixed solution time as the computational work is scaled with the number of processors.

I. Introduction

ASSIVELY parallel computers offer tremendous potential

for satisfying the increased demand for high performance
computing. The term massively parallel is used here to describe a
computer architecture where several hundred autonomous proces-
sors are interconnected through a high bandwidth communication
network such as a mesh, hypercube, or torus. Since the memory
in such a machine is localized to each individual processor, mes-
sages must be passed along the communication interconnect for
the sharing of nonlocal data. With interconnection topologies de-
signed for hardware scalability, the performance of the ensemble
can be scaled as more processors are added to the system. Scaling
the network bandwidth using localized memories avoids the access
bottleneck associated with shared memory architectures when addi-
tional processing elements are added to increase the computational
performance.

Since massively parallel computers are scalable, application soft-
ware written for these machines must also scale. The development
of scalable software is a relatively new concept and is the major
factor prohibiting the entrance of these new architectures into main-
stream computing. In the field of computational aerodynamics, the
development of a scalable application code has far-reaching conse-
quences. All aspects of the parallel aerodynamic simulation must
scale across multiple processors nonetheless maintaining the func-
tionality of the serial aspects of the simulation. This functionality
includes, for example, the generation of grids with distributed ge-
ometry, the construction of distributed linear systems, and the in-
vocation of parallel solvers to solve the linear systems. In addition,
a convenient interface to these machines must be developed which
enables the user to store and retrieve large amounts of data as well
as perform post-processing for scientific visualization and analysis.

The Beam-Warming algorithm has proven to be a popular tech-
nique for the solution of the Navier—Stokes equations and forms the
basis for many aerodynamic simulators.! In-the following sections
we will describe the development of a highly parallel, scalable
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version of the Beam-Warming algorithm for implementation on
massively parallel computers of the multiple instruction, multiple
data (MIMD) type. We have incorporated our parallel analogue to
the Beam-Warming algorithm into a massively parallel parabolized
Navier—-Stokes (PNS) code for the simulation of three-dimensional
supersonic flowfields.? This algorithm is based on a spatial march-
ing technique to generate solutions for steady, three-dimensional
flows by solving a sequence of two-dimensional problems. Iterative
solution techniques are described which are invoked to solve the
distributed linear systems. We will describe the application of gener-
alized coordinate techniques to distributed geometries and demon-
strate the creation of scalable grids which automatically provide
equal distribution of the computational work.

II. Parabolized Navier-Stokes Formulation

The PNS equations have been successfully applied to the solution
of three-dimensional, steady flow past complex configurations.>*
The equation set represents a mixed hyperbolic/parabolic system for
which a spatial marching scheme originating from an initial plane
of data is well posed. Let (£, i, ¢) denote a generalized coordinate
system with (x, y, z) the physical coordinates. If & is taken to be
the marching direction, with 7 and ¢ defined to be the normal and
cross plane directions, respectively, then the PNS equations can be
expressed in the form
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where the respective flux vectors can be decomposed to inviscid and
viscous contributions as
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The detailed form of the components of the individual flux vectors
are described elsewhere’ and are not critical to the present develop-
ment. In this notation, J represents the Jacobian of the generalized
transformation, whereas &, 7., ¢y, etc. are the metric coefficients.
The solution vector consists of five unknowns,

U'=[p pu pv pw pel 3)
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for the density, three components of momentum, and total energy
of the flowfield.

The PNS marching procedure is implemented as an initial-value
problem where U is spatially evolved in £ using a parallel analogue to
the Beam-Warming algorithm. The computational domain for each

spatial marching step is taken to be the cross-plane region bounded:

between the body surface and bow shock. At the body surface,
no-slip conditions are specified, whereas an explicit shock fitting
procedure is used to construct the outer bow shock in accordance
with the Rankine-Hugoniot relations. Details of the serial version
of the code may be found in Ref. 6.

III. Parallelization Issues

The topology of the computer architecture refers to the intercon-
nection scheme which links the processors and defines the com-
munication paths within the machine. The hypercube has been
used successfully to design large-scale massively parallel systems.
Functionally, the hypercube interconnect offers considerable flex-
ibility from the program developer’s viewpoint. Communication
channels and neighboring processors can be defined using a binary
gray-code algorithm which encompasses several standard geomet-
rical configurations’. These include a one-dimensional ring, a two-
dimensional mesh, as well as a three-dimensional mesh. One of the
primary advantages of the hypercube is that global communication
can be carried out in O(log, p) operations, where p is the number
of processors. The primary disadvantages are that the number of
processors can be scaled only in powers of 2, and the number of
interconnections per processor is relatively high.

In recent years, higher communication bandwidths have been
achieved, enabling simpler interconnection schemes to be explored.
Mesh-based architectures offer simpler parallel programming and
scalability to a large number of processors. In contrast to the hy-
percube, the processors are not so tightly interconnected, and thus
global operations may be more expensive. Communication be-
tween subdomains can occur locally between neighboring proces-
sors along the interconnect, or nonlocally, with intermediate hops.
Nonlocal communication typically occurs in global operations such
as a global summation, global maximum, or global minimum of
a scalar quantity. Messages passed with intermediate hops incur a
latency penalty proportional to the number of hops between the
source and destination processors. On mesh architectures, rout-
ing of messages may also encounter contention, whereby messages
from differing processors compete for the same communication link.
Message contention can lead to serious communication penalties,
thus algorithms designed for mesh architectures should avoid these
situations. For subdomains which are physically adjacent in com-
putational space, it is clearly desirable to assign these regions to
processors which reside as nearest neighbors in the interconnect.

Load balancing refers to the manner in which the computational
work is distributed over the ensemble of processors. With each pro-
cessor in the MIMD computer working autonomously, synchroniza-
tion occurs only when messages are passed between processors.
As such, the overall performance of the ensemble is limited by
the slowest processor. Distributing the workload uniformly reduces
the frequency of wait states for incoming messages and increases
the overall efficiency of the parallel algorithm.

IV. Generalized Coordinates and
Domain Decomposition

We have developed a domain decomposition and load balancing
strategy which satisfies the parallel criteria already outlined and
simultaneously providing a functionality which is equivalent to that
of the serial version of the PNS scheme. To implement the marching
procedure in parallel, we define generalized coordinates (£, n, {)
which act as global distributed coordinates in the computational
domain. The mapping procedure between physical space and com-
putational space is shown in Fig. 1. As with serial versions of PNS,
the flowfield cross plane bounded by the body, shock, and symmetry
planes is mapped to a square computational domain of unit dimen-
sion. For convenience we have shown here a cross plane coincident
with the (y, z) plane. However, in general this may be a curved
surface in (x, y, z) space.
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Fig.1 Application of distributed generalized coordinates for automatic
domain decomposition and load balancing of irregular twe-dimensional
domains.

The mapped (7, {) domain is easily decomposed to a uniform
rectangular partition of subdomains, where each subdomain is to
be mapped to the topology of the massively parallel architecture.
In the present application, we have used a binary gray-code algo-
rithm to map the subdomains onto a two-dimensional mesh embed-
ded within a hypercube topology. This defines the nearest neighbor
protocol for data communication between adjacent subdomains for
a hypercube interconnect. A uniform structured grid can then be
generated locally within each subdomain (a block-structured grid
scheme). This implies equal load balancing across subdomains. Sim-
ilar mapping schemes may be developed for other processor inter-
connections. Consequently, the computational work per subdomain
is constant, and load balancing is preserved. Nearest neighbor com-
munication is enforced in the mapping procedure as geometrically
adjacent regions in physical space are mapped onto nearest neighbor
processors in the computational space.

In addition to the distributed computing requirements, the decom-
position strategy for the parallel PNS scheme has to be based at the
processor level. Because of the spatial evolution of the PNS solu-
tion surface, the boundaries of the physical domain change shape to
conform to the local body surface coordinates and shock position.
Therefore, simple static decompositions of a mesh will not suffice.
As with most computational fluid dynamics (CFD) applications, it
is further required that the mesh be directionally biased to locally
refine the grid where gradients in the flow are large. The parallel
grid generation procedure must satisfy local and global constraints.
Each processor must be able to generate a local grid independent
of the neighboring processors. The grid must provide overlap of
the computational subdomains so that adjacent processors share
boundary information. The mesh points in physical space must be
biased near the body to resolve thin viscous regions. Each of these
requirements are satisfied by the fact that the (5, £) coordinates are
globally defined across the domain, yet distributed among the pro-
cessors. Therefore, functional relationships expressed in terms of 7
and ¢ are automatically parallelized in the physical space. Such re-
lationships include, for example, algebraic stretching functions for
the distribution of grid points in the global mesh. Since the mesh
generation is performed at the processor level, scalability may be
achieved by simply specifying the number of grid points which make
up each subdomain and the number of processors in each coordinate
direction. The grid generation procedures we have developed have
equal functionality on anywhere from 1 to 1000 processors with no
special interface required by the user.

Figure 2 shows an algebraic grid for a typical cross plane of a con-
ical body at angle of attack. The different shading of the local grids
delineates the subdomains in physical space which are mapped onto
different processors. This grid was constructed on 256 processors of
an nCUBE/2 hypercube. The hypercube was configured as a two-
dimensional mesh with 16 processors aligned in each coordinate
direction. The global grid size is 130 x 130. It is important to note
that there are an equal number of grid points in each subdomain,
although the global mesh is clearly biased in the direction of the
body surface.

In the PNS application, cross-plane grids are generated in parallel
at each new marching step using updated coordinates for the body
surface and bow shock location. Since the bow shock is advanced
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Fig.3 Broadcast of shock Courant condition.

explicitly, a restriction on the maximum allowable spatial step
is calculated using the following Courant-Fredricks-Lewy (CFL)
condition:

CFL = 4

1AE _

An T
where X represents the maximum eigenvalue of the Euler equations
along the perimeter of the shock boundary.®® The maximum eigen-
value A is determined through a binary exchange localized to the row
of processors at the shock boundary. The Courant step size stored by
each shock boundary processor is then broadcast along columns to
all intervening processors between the shock and wall boundaries.
This two-step process is illustrated in Fig. 3.

V. Parallel Beam-Warming Factorization

The parallel implementation of the Beam-Warming algorithm
for the cross-plane flow solves follows the traditional alternating-
direction implicit (ADI) method with extensions to a distributed
memory architecture. In traditional ADI, the multidimensional dif-
ferential operator is approximately factored into components which
correspond to a series of linear systems for each coordinate direction.
In PNS applications, this factorization produces independent 5 x 5
block tridiagonal systems which correspond to one-dimensional so-
lutions along lines in the n and ¢ directions. Information from the
normal (or cross-plane) coordinate direction is used explicitly and

appears on the right-hand side (RHS) of the system of equations.
The MIMD implementation of the ADI algorithm solves indepen-
dent lines in parallel. Local memory limits may be a serious con-
sideration for some parallel domain decomposition schemes. In the
present case, each line is decomposed across the processors. Inde-
pendent processors work in parallel to construct the elements of the
sparse 5 x 5 block tridiagonal matrix for each line. Locally, on each
processor, a subset of the equations associated with a subinterval of
an entire global line is generated. A parallel line solution is carried
out for each of the independent block tridiagonal systems. Thus,
at any step of the algorithm, subsets of the processor array are co-
operating on the solution of a particular line in parallel with other
subsets of processors solving other independent lines. After all line
solves for a particular coordinate direction have been completed,
the algorithm is repeated for the other coordinate direction. Further
details are provided in the next section.

VI. Distributed Sparse Matrix Solution

There have been a number of basic solution techniques which
have been successfully applied to the distributed block tridiagonal
line solves. Here we shall describe three such methods for which
performance results will be presented.

Parallel Block Cyclic Reduction

As a direct solver for the distributed 5 x 5 block tridiagonal
systems, a parallel version of the block cyclic reduction (BCR) algo-
rithm has been developed.® This algorithm proceeds by eliminating
the blocks associated with all of the even grid points in a partic-
ular line. The remaining unknowns are then renumbered, and the
algorithm is applied recursively until just two blocks of unknowns
remain, This small system is then solved directly. The solution of
unknowns is determined by a back substitution method. Since the
parallel BCR technique is a true direct method it is the most robust
of the solution algorithms implemented in this study. However, the
maximum amount of parallelism of this algorithm is limited due to
the idling of processors as the elimination process proceeds with

- fewer blocks to eliminate than the number of available processors.

In addition, implementation of the algorithm is relatively difficult
due to the complexity of the nonlocal communication of matrix
coefficients and vector results.

Next, two iterative solution techniques are described. These
methods are generally characterized by simpler local communica-
tion. However, they require iteration and, thus, more operations nec-
essary to obtain the solution. On a serial computer there would be
no question that the direct method would be faster. However, in the
parallel environment the impact of communication and load imbal-
ance must also be considered in their relative evaluation. This is the
question explored next by our implementation of the two iterative
methods.

Localized Direct Solver

We have developed a parallel iterative solver based on a serial
version of the block Thomas algorithm. In the original serial ver-
sion of the PNS code, a block Thomas algorithm is used to solve the
block tridiagonal systems which arise in the ADI formulation. The
development of the parallel localized direct (LD) solver was moti-
vated by an interest in investigating the performance and feasibility
of implementing the same serial block Thomas algorithm locally
on each processor. This new solver is a hybrid method in which
localized direct solves are performed in conjunction with an iter-
ation procedure to update information on the boundaries between
Processors.

Consider the block tridiagonal matrix distributed over two pro-
cessors as illustrated in Fig. 4. The upper left portion of the matrix
resides on processor X, while the Jower right portion resides on pro-
cessor Y. The physical grid points are denoted by the dark circles.
Each open circle is a ghost point which contains overlap informa-
tion corresponding to the next physical grid point on the neighbor-
ing processor. The set of equations corresponding to the three-point
difference stencil at grid point 3 on processor X is given by

[AlUsy + [B13;Us, + [C11, Uy, = RHS )
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Of course, U, resides on processor Y and will be determined by
processor Y; but for the moment consider U, to be known by pro-
cessor X. Then the set of equations can be written as

[A]2xU2r + [B]3xU3x = RHS — [C]lyU]y (6)

The same reasoning is applied to processor Y, where the [Als, Us,
terms are considered known and subtracted from the corresponding
elements of the right-hand side vector. Following this operation, the
submatrix on each processor is block tridiagonal in form, and the
serial block Thomas algorithm can be applied locally on each pro-
cessor in parallel. Since Uy, and Us, are not known in practice, an
initial guess is made for these terms by processor X and processor
Y, respectively. The right-hand side at the processor boundaries is
modified, and an intermediate solution is obtained. Message pass-
"ing is introduced to update the ghost locations with the most recent
values of U}, and Us,. An updated, modified right-hand-side vec-
tor is then computed, and the block Thomas algorithm is applied
to obtain the next intermediate solution. This process is repeated
iteratively until the solution converges along a given line. Concep-
tually, this algorithm reduces to a block Jacobi method in the limit
of one real grid point and two ghost points per processor. How-
ever, it is impractical to run the application with such a fine gran-
ularitoy due to efficiency limitations encountered through Amdahl’s
law.!

The attractive feature of the LD solver is that its parallel im-
plementation only requires the modification of the right-hand-side
vector at the processor boundaries and the introduction of message
passing so that these modified terms can be updated iteratively. The
code for the serial block Thomas algorithm is not altered. Since
the procedure is iterative in nature, a global convergence test which
involves message passing must be implemented as well.

Quasiminimum Residual Conjugate Gradient Squared Method

The transpose-free quasiminimum residual conjugate gradient
squared (QMR-CGS) method is a Krylov subspace method for the
iterative solution of sparse nonsymmetric linear systems.”!! This
algorithm incorporates a simple recurrence relationship for con-
structing the Krylov basis. As a preconditioner a local lower-upper
(LLU) factorization of the distributed matrix is used. This tech-
nique uses a simple domain decomposition of the line and forms
a reduced system on each processor. The subdomain problems are
then decoupled by using old values of the dependent variables to
eliminate contributions from other processors. Using this technique
the LLU preconditioner requires the same communication at each
iteration as the standard Jacobi preconditioner. In effect, this method
corresponds to a block Jacobi technique with the block defined by
the equations corresponding to each of the internal grid points on the
subinterval. However, we generalize this concept by using old LU
factors from previous line solves as approximate factors to precon-
dition subsequent line solves. This leads to a reduced factorization
form of the LLU preconditioner and saves the computational ex-
pense associated with the construction of new LU factors for each
line solve.

VII. Primary Operations in Parallel Parabolized
Navier-Stokes

The parallel PNS algorithm retains all functionality of the serial
algorithm, including linear system solves, grid generation, and au-
tomatic determination of the marching step size. The key steps of
the parallel implementation are as follows.

1) Processor identification numbers and the gray code for the
hypercube interconnect are generated.

2) Processor O reads flowfield and geometry information from the
input file and broadcasts the data to all processors.

3) Initial starting planes are constructed in parallel, including the
grid and solution vector at each point. Starting flow solutions can be
input in parallel from a distributed file system or a default solution
profile may be assumed.

4) A binary exchange is carried out between shock boundary
processors to determine the maximum allowable step size. These -
processors broadcast the step size and the computed shock slope
along the columns of processors.

5) Grid and metric coefficients are constructed for the current
marching plane. Interprocessor communication is invoked to update
the ghost point locations for the metric terms.

6) Right-hand-side vectors and smoothing terms are constructed
at each grid point.

7) Block tridiagonal systems are constructed locally along n =
const lines and loaded into sparse matrix format.

8) Independent systems are solved in parallel in the first step of
the ADI scheme to obtain the intermediate solution vector.

9) Matrix multiplication is performed to construct the right-hand-
side vectors for line solves in the alternate direction.

10) Block tridiagonal systems are constructed locally along ¢ =
const lines and loaded into a sparse matrix format.

11) In the second step of the ADI scheme, independent systems
are solved in parallel for the solution vector increment, which is
added to the previous marching plane solution to obtain the solution
for the current marching plane. Communication is invoked between
neighboring processors to update ghost point locations with the new
solution vector.

12) Processors repeat the procedure beginning with step 4 for the
next marching plane.

VIII. Discussion of Results

The parallel PNS code has been tested for performance and scal-
ability to demonstrate the capabilities of massively parallel aero-
dynamic simulations. In the following discussion, we will present
some typical results that we have obtained in our initial investiga-
tions. Validity of the parallel solution was determined by detailed
comparisons with the serial version of the code. All results are for
64-bit precision calculations.

Scaled Performance .

Scalability tests have been performed for the three solution meth-
ods discussed in Sec. VI. In conducting scalability tests, the granu-
larity of the computational work per processor is held fixed as the
global problem size grows in proportion to the number of processors.
Solution results are presented in Table 1 for the LD, QMR-CGS, and
BCR algorithms.

The QMR-CGS calculations were performed with the offset equal
to 10. That is, the LLU preconditioning factors in the QMR-CGS
algorithm were recomputed every 10 line solves. For some decom-
positions there were fewer than 10 line solves per processor and,
thus, the LU factors were computed only once per processor for

Table 1 Solution time per marching step for various solvers
on the nCUBE/2 hypercube, s

Processors 1 4 16 64 256 1024
Global Grid 16% 322 642 1282 2562 5122
LD 1.49 4.07 471 5.00 4.82 453
QMR-CGS

(offset = 10) 7.94 8.44 8.33 8.34 8.16 8.30
BCR 3.00 3.37 3.56 3.73 3.91 4.09
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Table 2 Solution time per marching step for scaled decompositions
on the nCUBE/2 hypercube, s

Number of processors:

Grid 1 4 16 64 256 1024
10242 —_— S JE— —— 190.9 50.9
5122 S— _ — 189.8 51.3 14.7
2562 S S 188.9 51.3 147 4.5
1282 S 186.1 50.9 14.6 4.5 _
642 164.3 499 14.9 4.5 17 -
322 45.0 14.2 4.4 1.6 S S
162 13.4 4.2 1.5 N S _
82 43 1.5 — S S ——

Table 3 LD performance for scaled decompositions
on various high performance computers, s

Proc. 1 4 16 64
Machine Grid 322 642 1282 2562
nCUBE/2 5.70 1522 17.02 17.25
Intel iPSC/860 3.49 5.70 6.18 6.30
Intel Delta 3.46 5.54 5.79 5.92

each direction in these cases. In general, for a fixed-size problem,
the number of iterations required for convergence increases with
the number of processors assigned to the solution.? On a typical
solution, the average number of iterations by the QMR-CGS algo-
rithm per line solve was less than 15. Solution times are reported as
the time necessary to evolve the solution plane a single marching
step for flow past a conical body at angle of attack. This time in-
cludes the time required to generate the cross-plane grid, compute
the metric coefficients, set up the sparse matrix system, and solve
to convergence. Approximately 75% of the total time is spent in the
line solves, and about 8% of the total time is spent in communication
outside the solver. The remainder of the solution time is in setting up
the grids and the systems of equations. In general, these percentages
are approximate and will vary according to the global grid size and
number of processors. Overall, the results indicate the LD solver
and the BCR solver outperform the QMR-CGS iterative solver by
a factor of two. However, experience has shown the LD solver to
be less robust than the other solvers in the sense that the number of
iterations to converge each system may depend upon the flow condi-
tions and the amount of artificial viscosity added to the system. The
BCR algorithm is considerably more difficult to implement in par-
allel than the QMR-CGS method, however, it has proven to be the
most robust solver. One difficulty with the current version of BCR
is that it requires 2" + 1 global grid points, and a significant modifi-
cation in the parallel code was necessary to handle this limitation. It
is most important to compare the scaled performance of the parallel
PNS algorithm as the global problem size is expanded. The solution
time for all solution methods is essentially constant for the parallel
code. Using all 1024 processors of the nCUBE/2, the parallel PNS
code is evolving over 1.3 x 10 unknowns every 4 s with the BCR
solver. A summary of timings shown in Table 2 demonstrates the
scalability of the PNS algorithm for both fixed and scaled problem
sizes. A conjugate gradient squared (CGS) algorithm was used in
the generation of these results.

Comparison of Machines

The present PNS application was originally developed on
Sandia’s 1024-node nCUBE/2 hypercube. The nCUBE has a config-
uration of 4 MB per node with each processor having a clock speed
of 20 MHz. Peak performance for each node is rated at 2.7 mflops
in double precision floating point. This application has since been
ported to the Intel iPSC/860, 64-node hypercube. The Intel machine
is based on the 1860 processor. Sandia’s installation consists of 33-
MHz processors each having a peak 64-bit precision performance
of 50 mflops. Sandia’s iPSC/860 is configured with 32 MB per node
on the lower 16 processors, whereas the remaining 48 processors
have 8 MB each.The Intel version of the PNS procedure has also
been successfully executed on Caltech’s Intel Delta. The Delta ma-

chine is based on Intel’s 40-MHz i860 processor. The Delta has 576
of these processors arranged as a 16 x 36 mesh. Each node of the
Delta has 16 MB of local memory. The high bandwidth communi-
cation channels linking the nodes operate at 11-MB/s. For the Delta
implementation, gray-coded communication channels were calcu-
lated based on a hypercube mapping to the two-dimensional mesh
and thus non-neighbor communication was encountered throughout
the execution. In porting from the Intel iPSC/860 to the Delta, only
one line of code was changed so that the two-dimensional mesh
could be allocated in powers of 2 to support the gray-code mapping
scheme.

The performance timings shown in Table 3 are provided for the
LD solver. This version of the code is written entirely in Fortran and
was compiled using the highest optimization levels available on each
machine. We consider the Delta results to be preliminary as no at-
tempt has been made to optimize the code for the two-dimensional
mesh interconnect. The Delta timings are included here for com-
pleteness. Since the test problem was identical to that used in de-
veloping Table 1, comparisons between the two tables are relevant.

Sample Calculation—Large-Scale Conical Flows

To demonstrate the performance capabilities of massively parallel
systems, we present PNS calculations obtained using extremely fine
grids. The fine grid results discussed in this section were obtained
using 256 processors of an nCUBE/2 hypercube.

The geometry of interest is the 7.5-deg half-angle cone at 22.6-
deg angle of attack in a Mach 2.94 flow. These flow conditions are
very similar to those in the experimental cone studies conducted
by Nebbeling and Bannink.'? However, a turbulence model has not
been implemented in this PNS code, so the Reynolds number based
on cone length was reduced from 6,750,000 to 500,000 in our simu-
lation. In spite of this difference in Reynolds number, flow features
we have observed are qualitatively very similar to the findings of
Nebbeling and Bannink.

The largest parallel PNS calculation we have performed involves a
513 x 513 grid over half of the cross plane (1,315,845 unknowns per
marching plane). For each marching plane, solutions were generated
in approximately 12 s. The initial solution at £ = 0.1 was marched
approximately 10,800 steps to reach the end of the cone at £ = 1.

Fig. 5 Cross-plane density distribution for 513 x 513 mesh, 256
processors.
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Fig. 6 Velocity vector plot: a) 513 X 513 mesh and b) 65 x 33 mesh.

A starting solution for a 65 x 65 grid was interpolated bilinearly
tothe 513 x 513 grid to start the fine grid calculation. The addition of
second-order implicit smoothing was used to damp errors associated
with the interpolation and was turned off after the first 30 marching
steps.

The cross-plane density shown in Fig. 5 corresponds to the axial
location at the end of the cone. The large primary vortices are vis-
ible, as well as numerous imbedded secondary shock waves. Also,
a normal shock wave sitting between the primary vortices and par-
allel to the leeward cone surface is clearly observed. This normal
shock wave was observed by Nebbeling and Bannink in schlieren

photos. It was also detected by Degani and Schiff in a turbulent PNS
calculation but was not clearly resolved.!?

A cross-plane velocity vector plot is shown in Fig. 6a for the
same axial location. The flow region shown is the leeward side of
the cone near the primary vortex. In this figure every other data point
was dropped in each coordinate direction so that the velocity arrows
would be visible. The core of the primary vortex is easily observed.
No secondary vortex core is visible; however, a complex region
of counter-rotating flow has been resolved adjacent to the primary
vortex. The normal shock wave between the primary vortices as
well as other secondary shocks are visible in this velocity vector
plot. In Fig. 6b, the same vector plot is shown for a mesh which
is 33 points normal the body and 65 points in the circumferential
direction. This size of mesh is typical of PNS solutions run on
conventional workstations and small mainframe computers. Notice,
by comparison, the location and size of the primary vortex is quite
different in the coarse mesh solution. The lack of boundary-layer
resolution is also apparent, resulting in the loss of resolution of the
counter-rotating flow structure near the wall. The cross-plane shock
which bridges the two primary vortices is also not apparent, as it is
in the 513 x 513 vector plot.

IX. Conclusions

We have developed a highly parallel, scalable version of the parab-
olized Navier—Stokes solution algorithm. The primary goal of this
effort has been to demonstrate how conventional serial algorithms
and solution procedures for aerodynamic applications can be im-
plemented into a massively parallel computing environment. Our
results demonstrate that a high degree of parallel efficiency can be
extracted from algorithms of this type. Fixed solution times can
be achieved as the problem is scaled over an increasing number
of processors. A nodal-based grid scheme has been developed as
part of this effort which relieves the user from dealing with domain
decomposition issues as part of the numerical simulation. This as-
pect of the PNS marching procedure is important since static mesh
decompositions in applications of this type are not sufficient.

The parallel PNS code enables high performance analysis of
aerodynamic flows to be conducted at unprecedented scales. High
resolution solutions that have been obtained thus far reveal finely
detailed flow structures which would otherwise be missed on coarser
meshes. We are presently adapting the numerical procedure so that
more complex geometries and starting conditions may be accom-
modated within the code. Additional work is also necessary to ex-
amine adaptive grid strategies in conjunction with the load balance
requirements of distributed architectures.

As massively parallel computers become more prevalent, the
types of analysis described herein will certainly become routine. Par-
allel interfaces to the application must be developed if serial bottle-
necks are to be avoided. This is particularly true of CFD applications
which traditionally require large amounts of solution input/output
(I1/0). Hopefully, machine designers and software developers will
begin to bridge the gaps which exist on current generation machines
to transition massively parallel computing into mainstream produc-
tion environments.
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